I. INTRODUCTION
The properties of chiral liquid crystalline phases between smectic-A * ͑SmA * ͒ and antiferroelectric smectic-C A ͑SmC A * ͒ have recently attracted special attention due to their potential applications to various electro-optical switching devices. They offer significant scientific challenge to condensed matter physicists for understanding the physical basis of the emergence of the novel subphase structure that arises in these materials. Antiferroelectricity was suggested to arise in chiral doped liquid crystals by Beresnev et al. ͓1͔ using the pyroelectric technique; however, detailed investigations did not begin until Chandani et al. ͓2͔ confirmed it through a series of experiments in a prototype single chiral compound MHPOBC. The phase sequence is generally as follows, with increasing temperature: SmC A * , intermediate SmC FI1
* ͑three-layer unit cell͒ ͓2,3͔ and SmC FI2 * ͑four-layer unit cell͒ ͓4,5͔, SmC * ͓6͔, SmC ␣ * ͓2,7͔, and SmA * . The layer structure in the various phases was directly confirmed for the first time by resonant x-ray scattering by Mach et al. ͓8͔ , where the two ferrielectric phases with three-and four-layer structures were named Ferri 1 and Ferri 2, respectively. On the other hand, the rich variety of phases that were initially noticed through a careful differential scanning calorimetry ͑DSC͒ in MHPOBC ͓9͔ has initiated the development of new theoretical approaches for description of these phase transitions ͓10-14͔. In the liquid crystalline phases mentioned above, apart from SmA * , chiral molecules are spontaneously tilted at an angle with respect to the layer normal. Among them the SmC ␣ * phase has attracted special attention due to seemingly apparent contradiction between its observed optical uniaxiality and its nonzero tilt angle ͓7,15-17͔. In SmC * and SmC ␣ * , the azimuthal direction of the molecular tilt changes by a constant angle for any two adjacent layers; the tilt direction forms a helical structure. The pitch of this helix is of the order of the wavelength of visible light for SmC * , while SmC ␣ * is characterized by an incommensurate nanoscale helical pitch ͓8,16-22͔. Figure 1 represents the temperature dependence of the selective reflection wavelength in ͑R͒-1-methylheptyl 4-͑4Ј -n-dodecyloxybiphenyl-4-yl-carbonyloxy͒-3-fluorobenzoate, ͑R͒-12OF1M7 ͓23͔. The data were obtained in oblique transmission geometry with an angle of incidence of 20°. In this case we can easily distinguish between SmC A * and SmC * phases, since SmC * possesses the full-pitch selective reflection band ͑II͒, while the half-pitch band ͑I͒ can be observed in both phases. Between them the helical pitch diverges to values well above the visible wavelength range, indicating the presence of the intermediate phases, SmC FI2 * and SmC FI1 * ͓24͔, which can be identified using additional measurements ͓23-27͔. One can see that the helical pitch in SmC * decreases steeply near 90°C. The shortest pitch measured by the selective reflection apparatus using the full-pitch band is less than 30 smectic layers ͑i.e., about 100 nm, which corresponds to the full-pitch selective reflection wavelength of 350 nm͒. However, smaller values of the helical pitch are not accessible for investigation by selective reflection since the material is opaque in the UV region. Meanwhile the presence of the short-pitch SmC ␣ * phase in 12OF1M7 was confirmed by dielectric, pyroelecric ͓28͔, and circular dichroism ͓29͔ In contrast to the selective reflection technique, DOR is not limited by the UV absorption of the liquid crystal, since it is not based on measurements at the corresponding wavelength but on observation of the change in the birefringence of a freestanding film as a function of temperature.
The short helical pitch in SmC ␣ * makes this phase nearly uniaxial when observed in bulk samples using visible light. The birefringence of the film is determined by any incomplete turns of the helix in it which may occur at the surfaces of the sample. In addition, as shown by null transmission ellipsometry ͓30,31͔, the surface layers have a significant tilt even in the SmA * phase; in SmC ␣ * the molecules are tilted additionally from the layer normal in the surface layers, forming more ordered molecular arrangements than in the bulk. Therefore, the surfaces make a major contribution to the total film birefringence, acting as a pair of birefringent plates near the two outer surfaces attached to the rest of the film. Having no restriction from the outside ͑liquid crystalgas interface͒, the surface layer tilt orientation follows the tilt orientation of the adjacent bulk layer. Upon changing the helical pitch in a film with a fixed number of layers, the tilt orientations of the two surfaces mutually rotate, causing periodic oscillations in the birefringence of the entire film. Because the film is birefringent, the reflectivity of the film is different for different polarizations of incident light. DOR measures reflectivity for light polarized parallel and perpendicular to the plane of incidence. By measuring the difference between nearly equal intensities of the two orthogonal polarizations we can easily resolve the oscillations in the birefringence of the film. In this paper, the helical pitch in SmC ␣ * as a function of temperature is extracted from DOR data by simulating the DOR signal using an appropriate model. The pitch is confirmed to be consistent with measurements from other methods at the high and low temperature ends of the SmC ␣ * phase window. Nearest-neighbor and nextnearest-neighbor interaction strengths in a simple free energy expansion are derived from the pitch as a function of temperature.
II. EXPERIMENT
A detailed description of the differential optical reflectivity setup ͑Fig. 2͒ is given in Ref. ͓32͔ . A film thickness measurement procedure allowing a resolution of ±1 smectic layers for freestanding films with thicknesses of up to 100 layers is also given in ͓32͔.
The refractive indices and the smectic layer thickness in the SmA * phase were determined by null transmission ellipsometry ͓30,31͔.
The freestanding films were prepared in a two-stage oven with a temperature resolution of 10 mK. The oven contained a 0.7 atm helium exchange gas. The films were drawn across a 9 mm diameter circular hole in a glass coverslip ͑150 m thick͒ with two electrodes on opposite sides of the opening, allowing the application of an electric field in the plane of the film. The data were acquired during heating and cooling temperature ramps of 20-50 mK/ min under an applied electric field of approximately ±5 V / cm parallel to the projection of the wave vector of the incident light on the plane of the film. The electric field applied is three orders of magnitude less than necessary for ferroelectric liquid crystal switching in device geometry; moreover, changing the field to 2.5 V / cm does not produce any visible difference in the data obtained. The field is too small to disturb the molecular arrangements in the liquid crystalline phase; however, it is large enough to stabilize a monodomain sample and align the net polarization of the structure along the field direction.
III. SIMULATIONS
The 4 ϫ 4 matrix method ͓33͔ was used to simulate the reflectivity. Each smectic layer is modeled as a uniaxial slab with extraordinary index of refraction n e along the long molecular axis and ordinary refractive index n o along the other two principal molecular axes. Three parameters, layer thickness d ͑in the SmA * phase͒, n o , and n e , used in simulations were obtained from our null transmission ellipsometry measurements. For 12OF1M7 in SmA tion of the pitch. The amplitude of the oscillations is determined by the film reflectivity, and the biaxiality of the structure is associated with the bulk and surface tilt. The relatively small continuous change in this amplitude for a given film demonstrates small gradual change in the effective thickness of the surface layers ͓34͔; thus, the fits were made without varying the number of surface layers with temperature. The tilt in the bulk as a function of temperature was found in a separate experiment ͓29͔. The surface tilt was assumed to be constant with temperature, and its value was selected to provide the best fit to the I p − I s data.
To simulate the reflectance, one needs to model the molecular arrangement in the film. In general, each smectic layer has its own tilt angle j and azimuthal angle j . Here the index j denotes the layer number. For simplicity we assume an integral number N S of surface layers with a fixed surface tilt angle S on each surface and a uniform tilt angle in the bulk taken from a separate experiment on thick, freestanding films ͓24,29,35͔. The azimuthal angle for surface layers was considered to be either constant ͑ferroelec-tric͒ or changing by from layer to layer ͑antiferroelectric͒. While more complicated surface structures may exist in the real system, this simple approximation properly reflects the nature of the surface layers studied in detail before ͓27,31͔. In the bulk, the azimuthal angle changes linearly from layer to layer, forming a helical pitch P. Therefore the tilt and azimuthal angles for a film with ferroelectric surface layers are
for antiferroelectric surface layers, where N is the total number of layers in the film and the sign of the azimuthal angle increment is determined by the handedness of the helical pitch. The angle 0 is determined by interaction of the net polarization of the film with the applied electric field. Each layer has a spontaneous polarization perpendicular to the tilt direction, due to symmetry breaking when the molecules are tilted. The polarization in each layer is approximately proportional to the tilt angle. The net polarization of the film is the sum of the vector polarizations of each layer. Therefore, the net polarization of the film can be characterized by
The net film polarization is aligned along the external electric field, so we require either orient =0 or orient = , depending on the sign of the applied electric field. In practice, orient is calculated assuming 0 = 0, then the azimuthal angles in Eqs. ͑1͒ or ͑2͒ are recalculated using 0 =− orient or 0 = − orient .
Although in the real liquid crystal film the surface layers are much more complicated than described above and the surface layers play a critical role in the DOR signal, this simple model allows us to determine the INHP as a function of temperature with an accuracy better than 10%. This is because the positions of the extrema of the I p − I s signal are much more sensitive to the variations of the pitch than to the other fitting parameters.
To begin the fitting process, the pitch in the SmC * region was assumed to be equal to the pitch measured by selective reflection. The pitch measured by selective reflection at 90°C was used as an initial guess for finding the temperature dependence of the pitch. Because the pitch decreases with increasing temperature, I p − I s was calculated as a function of pitch for pitch values shorter than found at 90°C. The pitch values that gave extrema of the I p − I s simulation were assigned to the temperatures at which the corresponding extrema of I p − I s occurred in the experiment. Interpolation between these points gave an initial approximation of the pitch vs temperature curve. Subsequent iterations produced the pitch vs temperature curve that best fits the experimental data, shown in Fig. 4 . Figure 3 presents an example of fitting the same experimental data from a 230-layer film using different surface layer structures. The circles and crosses denote the experimental data for the two opposite directions of the applied electric field, while the solid lines denote the simulation results. The simulations were obtained using two tilted layers per surface ͑N S =2, S = 23°͒. As shown earlier ͓36͔, the tilted surface layers can form either ferroelectric ͓Eq. ͑1͔͒ or antiferroelectric ͓Eq. ͑2͔͒ structures. The plot on the top of Fig. 3 presents the simulations using the set of equations ͑1͒ in comparison to the bottom plot, where the simulations were performed using the set of equations ͑2͒. The same pitch vs temperature curve was used for both plots. One notes that in both cases the extreme points of the I p − I s simulations are in good agreement with the experimental data in spite of such a dramatic difference in the surface structures.
The temperature dependence of the helical pitch used for this simulation is given in Fig. 4 by circles. The simulation parameters are N = 230 and incidence angle ␤ = 13.7°. The incidence polarization direction and beam intensity ͑arbitrary units͒ are ␥ = 40.1°and I 0 = 42 for the simulation using ferroelectric surface layers and ␥ = 40°and I 0 = 43 for antiferroelectric surface layers.
The helical pitch decreases down to 16± 1 smectic layers on heating. The obtained pitch length could vary slightly depending on the number of surface layers N S used for simulations. This is easy to explain by the simplicity of our model. The helical structure present in the bulk is absent in the surface layers, so the effective length of the helical portion of the film is the thickness of the film minus 2N S layers. A plot of the number of oscillations vs thickness of the film is linear. A linear fit using all films that we measured yielded an intercept of approximately 4-6 layers, meaning that there are 2-3 tilted layers at each surface. The real value of the pitch should be close to the results of the simulations with two layers per surface; similar values of the number of surface layers have been obtained by our null transmission ellipsometry experiments ͓31͔. In Fig. 3 , the film thickness was chosen to be much larger than the surface layer thickness in order to minimize uncertainty in the pitch due to the number of surface layers.
The periodicity of 16± 1 smectic layers at the high temperature end of the SmC ␣ * phase can be confirmed by comparing DOR results from a series of thin films with a single layer increment in thickness ͓34͔. DOR measurements were performed on 21 films with thicknesses varying from 41 to 61 smectic layers. Choosing appropriate thicknesses is crucial because this method relies on the accurate determinations of the thickness of each film. We find thickness by measuring the reflectivity of the film for green and red laser light at several incident angles. The reflectivity oscillates with the film thickness with a period of about 20 layers. When the reflectivity is not near an extremum, we can determine the thickness of a single film to ±1 layer and the difference in thickness of two films precisely. The thickness measurements become ambiguous near extrema of the reflectivity. The 21 films studied were chosen so that the thickness could be accurately determined for every film in the series. In order to determine the helical pitch, the number of films studied must be larger than the number of layers in the helical pitch. Figure 5 presents examples of the I p − I s signal for three films of selected thicknesses. The arrows indicate the SmC ␣ * -SmA * phase transition. We do not indicate the point of the SmC * -SmC ␣ * phase transition here since the transition is proven to be continuous. Note that the jumps of the optical signal at 91.3°C ͑41 layers͒, 91.0°C ͑49 layers͒, and 90.9°C ͑57 layers͒ can possibly be confused with the SmC * -SmC ␣ * phase transition; however, these are just interchanges between the signals related to the two directions of the applied electric field at the points where the vector of the net polarization of the film passes its zero value. This is illustrated by Fig. 6 , where the two simulated I p − I s signals for a simple film are given as functions of the pitch together with the angle orient obtained from Eq. ͑3͒, assuming 0 = 0. Naturally, for different film thicknesses the interchanges happen at different temperatures, i.e., these jumps correspond to different values of the helical pitch. One clearly notes the periodicity of approximately 16 layers in the phase of the DOR signal oscillations at the SmC ␣ * -SmA * transition point, meaning that the helical pitch is approximately 16 layers. In a similar way one can find that at 91.5°C the difference of 16 layers corresponds to approximately one half of the periodicity of the signal, which is in good agreement with the results obtained from the thicker films using the 4 ϫ 4 matrix method ͑Fig. 4͒. This confirms the validity of our fitting procedure. Successful measurement of a 16-layer pitch represents a significant extension of our work beyond previous applications of this method.
IV. DISCUSSION
To analyze the evolution of the pitch found in the experiment, we employed the same free energy expansion as was used previously for the compounds 10 and 11-OHFBBB1M7 ͓37͔. Expanding the free energy due to the interlayer interactions up to the next-nearest-neighbor term, one obtains
where ជ j = j ͑cos j , sin j ͒ is the two-dimensional order parameter describing the magnitude j and direction j of the molecular tilt. Here we neglect the energy of the surface interactions, since the pitch evolution as a function of temperature was obtained from relatively thick ͑more than 200 layers͒ films. The coefficients a 1 and a 2 represent the strength of the nearest-neighbor and the next-nearestneighbor interactions, respectively. The tilt angle in the SmC ␣ * phase varies between approximately 4°and 11°over a 1°C temperature range. In such a narrow temperature range the tilt angle can be approximated with reasonable accuracy by a simple formula, = A͓͑T c − T͒T c ͔ 0.33 ͓38͔, derived from the extended mean field model. The fitting parameters obtained are T c = ͑92.44± 0.02͒°C and A = 69.3°± 0.1°. The tilt angle more than doubled over the SmC ␣ * temperature region. We expand a 1 and a 2 to second order in as a 1 =−a + b 2 and a 2 = c + d 2 , where a, b, c, and d are temperature independent quantities. This simple free energy expression yields a very good description of the temperature dependence of the INHP in the SmC ␣ * temperature range. Beyond selecting the handedness of the INHP, no chiral terms are necessary.
By minimizing G, we find the approximate solution for the change in the azimuthal angle between adjacent layers to be
The pitch in terms of the number of smectic layers is 2 / ␦.
In Fig. 4 the fitted functions of the pitch are given by the solid line. The fitting yields b / a = ͑18.2± 0.1͒ rad −2 , d / a = ͑−5.2± 0.2͒ rad −2 , and c / a = ͑0.27± 0.01͒. In the SmC ␣ * phase a 1 Ͻ 0, indicating ferroelectric coupling of nearest-neighbor layers, and a 2 Ͼ 0, representing antiferroelectric coupling of next-nearest-neighbor layers. The absolute values of both a 1 and a 2 decrease on cooling to the SmC * phase. This is similar to previously reported results for 11-OHFBBB1M7 ͓37͔. The changes of the absolute values of a 1 and a 2 are slightly above 50% on cooling toward the SmC * phase. The absolute value of a 1 exceeds the absolute value of a 2 by a factor of at least four. This is also reasonable since the interlayer interactions have to vanish quickly with distance to allow the free energy expansion to be truncated after the next-nearest-neighbor term.
V. CONCLUSIONS
Measuring the small difference in birefringence of freestanding films by differential optical reflectivity enables us to obtain the helical pitch of 12OF1M7 in the region shorter than about 30 smectic layers ͑Ϸ100 nm͒. Strong absorption by organic molecules in the UV region places such a limit in measuring optical pitch of liquid crystal samples by a conventional selective reflection technique. Specifically, we have demonstrated that the pitch of about 16 layers just below the SmA-SmC ␣ * transition can be obtained by acquiring DOR data from 21 freestanding films having consecutive layer thickness within a carefully chosen range of film thickness ͑41-61 layers͒.
Upon heating, the helical pitch shows a very steep drop through the SmC * -SmC ␣ * transition of 12OF1M7, levels off in the high temperature phase, and reaches a value of 16 layers just below the SmA * -SmC ␣ * transition. This limiting value of 16 layers for the helical pitch was obtained using FIG. 6 . ͑Color online͒ Simulated helical pitch dependencies of I p − I s signals ͑red crosses and dark blue circles for the two opposite directions of the electric field͒ for a simple helical structure in an external field show abrupt interchanges of the signals similar to those found in the experiment. The corresponding behavior of the angle orient obtained from Eq. ͑3͒ assuming 0 = 0 is given by the black solid line. The simulation parameters of the film with ferroelectric surface layers are: N = 41, N S =2, S = 23°, =5°.
two methods: identifying the repetition of DOR data from 21 freestanding films having consecutive layer thicknesses and fitting DOR data from a 230-layer film using Berreman's 4 ϫ 4 matrix method. Within our experimental resolution, no jump in the helical pitch can be detected. Based on the fact that the symmetry does not change through this transition, the transition is equivalent to the well-known liquid-gas transition. Thus far both a jump in helical pitch as well as continuous evolution of helical pitch have both been reported for different compounds ͓37,39͔. It would be extremely important to locate this intriguing critical point with a proper choice of binary mixtures and then investigate its critical behavior.
The analysis shows that the incommensurate nanoscale helical pitch ͑INHP͒ found in the SmC ␣ * phase is due to the competition of the nearest-neighbor ferroelectric and the next-nearest-neighbor antiferroelectric interactions. By fitting to temperature variation of incommensurate nanoscale helical pitch data, we have obtained the ratio of the free energy expansion coefficients. Our results should inspire more theoretical work to get a better understanding of the molecular interactions of the relevant SmC * variant phases.
